Abstract. We show that for the Köthe space X = c 0 + 1 (w), equipped with the Luxemburg norm, the set of norm attaining operators from X into any infinite-dimensional strictly convex Banach space Y is not dense in the space of all bounded operators. The same assertion holds for any infinitedimensional L 1 (µ). This gives the first example of a classical space X satisfying the previous property. We also prove that all the spaces c 0 + 1 (w) are isomorphic for a large class of weights w.
Introduction
The Bishop-Phelps Theorem states that the set of norm attaining functionals on any Banach space is norm dense in the dual space [BiPh] . J. Lindenstrauss obtained the first results of denseness of norm attaining operators and provided also the first counterexample: the set of norm attaining operators from c 0 into any strictly convex space containing c 0 is not dense in the set of all bounded operators. He also introduced properties A and B, that will be defined below. For any Banach spaces X and Y we denote by L(X, Y ) the set of all (bounded and linear) operators from X to Y and N A(X, Y ) the subset of norm attaining operators, i. e.
N A(X, Y ) = {T ∈ L(X, Y ) : there exists x ∈ S X , s. t. T x = T } .

According to Lindenstrauss, a Banach space X has property A if for any Banach space Y , N A(X, Y ) = L(X, Y ) is satisfied. Y has B if for any Banach space X, N A(X, Y ) = L(X, Y ) holds.
Lindenstrauss gave a sufficient condition for property B, which is satisfied by c 0 and ∞ . A certain abundance of strongly exposed points in the unit ball (satisfied by 1 ) implies A [Li, Proposition 1] .
After the pioneering paper by Lindenstrauss, several results dealing with denseness of norm attaining operators appeared. One of the most remarkable is due to J. Bourgain and states that the Radon-Nikodym property implies A [Bo] . For concrete spaces, the papers by J. Johnson and J. Wolfe [JoWo1] and A. Iwanik [Iw] contain positive results for C(K) and L 1 (µ), respectively. Looking at the negative results, there are two remarkable results for classical Banach spaces. Schachermayer proved that the set of norm attaining operators from [Sc] and also [JoWo2] ). Several years later, W. T. Gowers proved that p (1 < p < ∞) also fails property B [Go] . From his technique it follows that any infinite dimensional L p (µ) (1 < p < ∞) also has the same behaviour.
Afterwards, F. J. Aguirre generalized the previous results by showing that any strictly convex space containing a normalized sequence with an upper p-estimate (1 < p < ∞) or a normalized basic sequence which is not the 1 -basis also fails property B [Ag] . Recently, for a sequence of weights w, a space X(w) was constructed satisfying that taking as Y any infinite dimensional strictly convex space or any infinite dimensional L 1 (µ), the set of norm attaining operators from X(w) into Y is not dense [Ac1, Ac2] .
In this paper we will show that an Orlicz sequence space h ϕ * (w), which coincides with c 0 + 1 (w), endowed with the Luxemburg norm, satisfies that N A h Since we use Orlicz spaces in the sequel, we will make a brief introduction and refer to [RaRe] and [LiTz2] for the background on this context. Let φ be an Orlicz function, that is, φ : [0, ∞) → [0, ∞] is convex, non-decreasing and satisfies φ(0) = 0 and lim x→+∞ φ(x) = +∞. For a sequence w = (w n ) of positive real numbers, the weighted Orlicz sequence spaces φ (w) are given by
endowed with the Luxemburg norm
In the case that φ (w) is not separable, one can consider the closed subspace h φ (w) given by
(see [Mu] and [FuHe] ). Let us notice that the usual vector basis {e n } of c 00 , the set of almost null sequences, is a 1-unconditional basis of h φ (w).
The Orlicz spaces are well-known examples of Köthe spaces (see [LiTz2] for the definition). Let us also recall that given two Köthe spaces X and Y over the same measure space Ω, the sum and intersection spaces are also Köthe spaces by defining
and the norm on X + Y is given by
The space X ∩ Y is normed by the function
Let us note that
As an example, if ψ(x) = x, then we will use 1 (w) := ψ (w) and the simple examples constructed by this procedure ∞ + 1 (w) and ∞ ∩ 1 (w).
Norm attaining operators and bilinear forms on weighted Orlicz sequence spaces
In this paper w will denote a sequence of positive real numbers and ϕ the Orlicz function defined by
Its Young conjugate ϕ * is given by
Lemma 2.1. The following spaces coincide as sets and the identity map is an isomorphism:
Pro o f . Assertions a) and b) are essentially due to Hudzik (see [Hu] and [HuKaMa] ), but the coincidence of the sets can be easily checked in both cases. Since the previous Banach spaces coincide as sets of sequences and the coordinate functionals are continuous in any of them, then, by the closed graph theorem, in both cases the identity is an isomorphism. c) c 0 + 1 (w) is contained in ∞ + 1 (w) and in view of b) also h ϕ * (w) is a subset of ∞ + 1 (w). Both subspaces are closed and contain c 00 as a dense subset, so they coincide. ✷
The spaces ∞ ∩ 1 (w) and ∞ + 1 (w) are a dual couple in the sense of Köthe. In general, if X(Ω) is a Köthe space, one considers the Köthe dual X given by
X is endowed with the (usual) dual norm and is again a Köthe space. X is also a closed subspace of the topological dual X * . Coming back to our case, [RaRe, p. 100 ], a space that in view of Lemma 2.1.a) coincides with ∞ ∩ 1 (w). The duality mapping is given by
Since ϕ (w) is isomorphic (via identity) to ∞ ∩ 1 (w), the Luxemburg norm on ϕ * (w) is equivalent to the norm obtained by looking at ϕ * (w) as a subspace of ( ϕ (w)) * , via the previous identification (see [RaRe, p. 61 
]).
First we will show some geometrical properties of the Orlicz space h ϕ * (w). For instance, if the Orlicz function φ coincides with zero at some interval and w / ∈ 1 , then the closed unit ball of h φ (w) has no extreme points.
Proposition 2.2. Let φ be an Orlicz function so that φ(1) = 0 and φ(t) >
Pro o f . i) First we will check that there is a subsequence (x nk ) → 0 so that n k ∈ J for any k. If this does not hold, then, there is a positive number r and a natural number N with 0 < r < |x(n)| for every n ∈ J, n ≥ N . Hence, for any 0 < u < r, we get
which contradicts the fact that x ∈ h φ (w).
Since
ii) Assume that x * = 1 = x * (x 0 ) for some x 0 in the unit ball of h φ (w). In the case that wχ I (I is the support of x * ) does not belong to 1 , by using i), there is m ∈ I and δ > 0 so that x 0 + λe m φ ≤ 1 for any scalar λ satisfying |λ| ≤ δ. But in that case
which is impossible since x * = 1. ✷
The function ϕ * satisfies the assumption of Proposition 2.2 and now we are ready to prove the main result. Pro o f . We will construct an operator in the same manner as it was done in [Ac1] . Since Y is infinite-dimensional and w ∈ 2 , there is a normalized sequence {y n } in Y so that the series w n y n converges unconditionally [DiJaTo, Theorem 1.2] , so the set
θ n w n y n : θ n ∈ IK, |θ n | ≤ 1, for all n is bounded [DiJaTo, Theorem 1.9] . Now let us define a linear and bounded operator
T (e n ) = w n y n , for all n .
Since h ϕ * (w) is isomorphic to the sum space c 0 + 1 (w) via the identity map (Lemma 2.1.c), in order to check that T is continuous it is enough to show that T is bounded on the unit balls of c 0 and 1 (w). If x belongs to the unit ball of c 0 then
In the case that x ∈ 1 (w), then , for all i, we get
Now, let us assume that
we can assume that the space is real, otherwise L 1 (µ) is C -strictly convex and we are done. By applying the norm attaining operator S to the norm one element given in (2.1), we get for any finite subset F ⊂ IN\J and any choice of signs {ε n } that
The last equality clearly implies
Still with F fixed, now we use all possible choices of signs (a finite set) and we have the previous domination for any choice of signs except on a set of measure zero. By fixing t out of this measure zero set we deduce that i∈F |Se i (t)| ≤ |Sx 0 (t)| a. e. , and by integrating
Finally, if we impose that S − T < r < 1, then it follows for any n
But in that case inequality (2.2) gives us
for any finite subset F ⊂ IN\J, so wχ IN\J belongs to 1 . However, we know that wχ J ∈ 1 , so the sequence w belongs to 1 , which contradicts the assumption on w.
We have proved that the open unit ball centered at T does not contain norm attaining operators. ✷ R. Aron, C. Finet and E. Werner [ArFiWe] first considered the question of denseness of the set of norm attaining bilinear forms and obtained some positive results. Here we will show that h ϕ * (w) is a new example of a space satisfying that the set of norm attaining bilinear forms is not a dense set of the space of all bilinear forms, and so, by using [JiPa, Proposition 2.1] the same result also holds for n-linear forms (n ≥ 3).
Proposition 2.4. If w ∈ 2 \ 1 , then the symmetric bilinear form
cannot be approximated by norm attaining bilinear forms. The analogous result also holds for 2-homogeneous polynomials.
Pro o f . First we will check that B is bounded. Since h ϕ * (w) is the sum space c 0 + 1 (w) (Lemma 2.1.c), it is enough to show that B(x, y) is uniformly bounded on elements x, y in the unit balls of c 0 and 1 (w). If one considers the different cases, it is immediate to check that
If A is a bilinear form on h ϕ * (w) attaining its norm at (x 0 , y 0 ), then the corresponding
* attains its norm at x 0 . By arguing as in the proof of the previous theorem, we can assume that supp(x 0 ) = J satisfies wχ J ∈ 1 . By the assumption, wχ IN\J / ∈ 1 . The use of Proposition 2.2.i) gives that for some m / ∈ J and δ > 0 it holds
Of course we also have x 0 + λe m ϕ * ≤ 1 (|λ| ≤ 1). Since
the strict convexity of the scalar field gives A(e m , y 0 ) = 0 and by changing the role of the variables we get also A(x 0 , e m ) = 0. Finally, by applying A to the element (x 0 + λe m , y 0 + µe m ) for |λ|, |µ| ≤ δ and imposing the same condition as above we get A(e m , e m ) = 0. But then
The result for polynomials can be obtained in a similar way by just using Proposition 2.2.i) at the beginning. ✷
The spaces h φ (w) are mutually isomorphic
In this section for a fixed Orlicz function φ we will prove that any two spaces h φ (w) are isomorphic under the additional assumption that w ∈ Λ, where Λ = w ∈ IR + IN : there exists (w nk ) so that lim n→∞ w nk = 0 and
The same phenomenon happens for the spaces φ (w) and the technique we use is similar to the one used in [Ru] and at some point even simpler.
, where {u n } is the block basis given by
and {σ n } is a sequence of finite and disjoint subsets of IN. The same assertion holds for φ (w) and the subspace of elements x in φ (w) that can be written as x = a n u n (pointwise convergence).
Pro o f . In both cases the result can be checked by using the same argument. It is enough to define the averaging projection given by
where S n = i∈σn w i . It is immediate to check that P is the desired projection. ✷
Pro o f . We will just check the statement in the separable case. Since the sequences of weights are in Λ, we can choose a sequence {σ n } of finite and disjoint subsets of IN satisfying
From the previous inequality and the convexity of φ it is easy to check that there is an operator T : 
Pro o f . We just prove a) and a similar argument gives b). For this purpose we will use Pelczynski decomposition method (see for instance [Jam, Proposition 25.16] or [LiTz1, Proposition 3.a.5]).
We claim that the space h φ (w) is isomorphic to its square. If this holds, by using Lemma 3.2, there is a closed subspace H of h ϕ (w) so that
By the same argument also h
, so h φ (w) and h φ (v) are isomorphic. Now, in order to check this, consider the weight sequence
and the space Y given by Clearly T is well defined, linear and bijective, so T is an isomorphism. Since w also belongs to Λ, Lemma 3.2 and the previous observation give
On the other hand, by splitting the sequence of weights w in the form 0, 0, 0, . . .) and since the basis {e n } is unconditional, it is clear that
Hence h φ (w) and Y are isomorphic and so, h φ (w) is isomorphic to its square, as we wanted to show. ✷
The space used in [Ac2] as a counterexample to get that L 1 (µ) spaces fail Lindenstrauss' property B is closely related to the Orlicz spaces we consider in this paper. For a weight sequence w decreasing to zero and so that w n < 1, for all n, let us consider By definition X(w) is the subspace of Z * generated by the coordinate functionals. As a consequence of the previous results we get: Proposition 3.4. For any sequences w and v ∈ Λ, the corresponding spaces X(w) and X(v) are isomorphic.
Pro o f . By using the conditions on w, Z coincides with ∞ ∩ 1 (w) and so the identity is an isomorphism. But ∞ ∩ 1 (w) = ϕ (w) (Lemma 2.1.a) for the function ϕ given by
So the Köthe dual of Z, Z is essentially ϕ * (w), and so, it coincides with ∞ + 1 (w) (Lemma 2.1.b)).
The closure of the space generated by the vector basis en wn in ∞ + 1 (w) is c 0 + 1 (w), while the closure of {e n } in Z * is, by definition, the space X(w), so both subspaces are isomorphic. As a consequence, by Lemma 2.1.c), X(w) is isomorphic to h ϕ * (w). Now it is enough to use Theorem 3.3 to conclude that the spaces X(w) and X(v) are isomorphic. ✷
